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STANDARD INTEGRALS

[ x" dx
Jldx

X
[ e™dx
[ cos ax dx
[ sin ax dx
[ sec ax dx

_[ sec ax tan ax dx

1
J«\/x2 -a’ o

1
—dx
J\/xz +a’

NOTE: Inx=log, X,

— X", nz-1; x#0, if n<0

1
n+1
Inx, x>0
—e¥, a=0
a

I .
—sinax, a=0
a

1
——cosax, az=0
a

1
—tanax, a=0
a

1
—secax, a=0

ln(x+x/x2—a2), X>a>0

ln(x+\/x2 +a2)

x>0

, a>0, —a<x<a



Section I — Multiple Choice

10 marks
Attempt Questions 1 - 10
Allow about 15 minutes for this section.

Use the multiple-choice answer sheet for Questions 1 - 10.

2 2

1.  The eccentricity of the ellipse with equation ;—5 + 5_6 =1 is
9
A Z
(A) >3
4
B -
(B) 5
3
C 2
(©) 5
o Y
5
2.  The equation of degree 10 whose roots are the reciprocals of the equation
X -5+ x-4=0is
(A) 4x° —x* + 5x' =1=0
(B) 1-5x =X —4x? =0
(C) 4 + X’ +5x =1=0
(D) 4x" —x* —=5x" +1=0
3. P(x)=x"+2x +9x* + 8x + 20 hasa zero x = 2i — 1.

What is the value of P (2i —1) ?

(A —10 + 12i
B)  -10-12i
(C) 10 —12i
(D) 0



J‘tan4 X dx equals

1

(A) —tan’X + tan X + X + C
13

(B) 5tanx—tanx+x+c
.

©) gtanx—tanx—x+c
13

(D) gtanx+tanx—x+c

If w is one of the complex roots of z° = 1. what is the value of

(1= w)(1 = w)(1—w)(1 - w)?

A 9
B 6
© 3
M) 0

The vertices of a conic are (2, 0) and (-2, 0) and the foci are (3, 0) and (-3, 0).

What is the equation of this conic?

(A) X?Z+y?2=1
o o7
(D) X?Z+VT;=1



(A) g e — % j e dx
(B) g e + %Ie‘“ dx
(@) —g e — %Je“ dx
(D) —g e + %je“ dx

The polynomial ax® + bx’ + 2 is divisible by (X + 1)2.

What are the values of a and b?

(A) a=-l14and b=-16
(B) a=14and b=-16
©) a=14and b=16
(D) a=-14and b=16

A unit circle has its centre at the origin O.
2 - 3i

z

The point z, moves on the circle and z, =
1

The Cartesian equation of the locus of z, is:

(A) x> —y* =11
(B) x> +y =11
(C) x>+ y? =11
(D) X -y =41



10.

All the solutions of the equation z* = (z — 1)4 are

(A) z=l,z= ! _,z=;
2 —1+1 1+1
1 —i i

B 1=—, 2=——, 7=

®) 2 1+1 -1 +1

©) z:l, Z= 2 -, z=—2l
2 -1 +1 1+1

O 2=t 2= -2
2 1+1 1 +1

End of Section I



Section 11

90 marks
Attempt Questions 11 - 16.
Allow about 2 hours 45 minutes for this section.

Answer each question in a SEPARATE writing booklet. Extra writing booklets are available.

Show relevant mathematical reasoning and/or calculations.

Question 11 (15 marks) [Use a SEPARATE writing booklet] Marks

(@) (1) Find the square root of the complex number —5+12i . 2
Express your answer in the form  a + ib.

(ii) Hence, or otherwise, solve 2z° — (6 + i)Z + 5 = Ofor z 2

Express your answer in the form a + ib.

(b) Provethat |z, — 2| =77 + 2,2, - 2Re(z1 Z, ) : 2

(c) (i) Write down the five roots of z° = —1. 2

(i) Hence show that

+1=(z+ 1)(22 -2z cos% + 1) (22 - 2Zcos3?7Z + lj 3

(d (@) If z=cos@ + isinf, show that z" — in = 2isinnd 1
z
(i1)) Hence show that

sin’ @ = % [sin50 — 5sin36 + 10sin 0] 3

End of Question 11



Question 12 (15 marks) [Use a SEPARATE writing booklet]

(a)

(b)

(©)

(d)

Use the substitution 5x — 1 = u? to show that

J-X 51 dx — 2(5X - 1)(15x+2)\/5x—1 L C

375

Use an appropriate ‘t-result’ substitution to evaluate

Jﬁ do
0 2+sin26
(i)  Show that L f(x)dx = J.O f(a— x)dx.

3 Jsin X dx

0 x/sinx + Jcosx .

(i) Hence find

NN

cos" X dx and show that | = -3 - (n—l) I,

(i) Let | =j >
n

w |

1

2 3
(i1)) Hence ﬁndJ x_dx

o N1=x2

by letting X = cos@.

End of Question 12

Marks



Question 13 (15 marks) [Use a SEPARATE writing booklet]

(2)

(b)

(©)

(d)

The equation 2x’ — 5x°> + 8X —3 = 0 has roots &, 3 and y.
Find «, £ and y, given that one of the rootsis & =1 — J2i.

(i)  Prove that if the polynomial P(x) has a root of multiplicity m
at X = k then P‘(X) has a root of multiplicity (m — 1) at X = k.
(i) If P(x) = 4x* +15x* + 12x —4 has a double zero, find all the zeros and

factorise P(x) fully over the real numbers.

The equation X* + 4x’ — 3x*> — 4x + 2 = 0 hasroots &, 3, 7 and &.

Find the equation with roots &, £°, > and &°.

One of the roots of the equation X* + ax> + bx + ¢ = 0 is double the sum of the
other two roots. Show that 4a’ — 18ab + 27¢c = 0.

End of Question 13

Marks



Question 14 (15 marks) [Use a SEPARATE writing booklet] Marks

2 2

(@) (1) For the hyperbola X? — y? = 1, find the equation of the asymptote with

positive gradient.

(1) IfP (Xl, yl) is a point on the hyperbola in the first quadrant, show that the
equation of the tangent at P is 9xX, — 4yy, = 36.

(ii1) If this tangent passes through (1, 0) find the coordinates of P.

(iv) Let o be the angle between the tangent at P and the asymptote with positive gradient.

Draw a diagram indicating the location of & and show that

S {M}

23

(b) (1) Show that the equation
4x> — y* — 24hx + 2hy — 4a” + 35h* = 0, where h and a are positive constants,

represents a hyperbola.

(i) If the tangent to this hyperbola at the point ( p, q) is perpendicular to the straight line
y = (62 - 1) X, where e is the eccentricity of the hyperbola,

show that 16p + q = 49h.

Question 14 continues on page 11

10



Question 14 (continued)

(c) The diagram below shows two points, T; and T,, with parameters t; and t, respectively, on the
rectangular hyperbola xy = ¢°.

T 1s a third point with parameter t on the hyperbola such that £ T, T T, is aright angle.

v
>

A

Show that the gradient of T, T is t__l and deduce that, since ZT, T T, is a right-angle, 3

1

-1

P = —

L

End of Question 14

11



Question 15 (15 marks) [Use a SEPARATE writing booklet] Marks

(a) Using the method of cylindrical shells, find the volume obtained by revolving the 4
region bounded by the parabola y = x> + 2, the X-axis, the y-axis and the line X =2,

about the line X =2.

(b) The base of a solid is the ellipse 4x*> + 25y = 100. 3

All cross-sections perpendicular to the X-axis are isosceles right triangles (with the
smallest side lying in the base).

Find the volume of the solid.

(¢) In the figure below, the bisector AP of £ BAC is extended to meet the circle in M.

A
B
M
C
(i)  Prove that AABM ||| AAPC. 2
(i1)) Prove that BP x PC = PM x PA 2

(d) Show by mathematical induction that 35" + 3 x 7" + 2 x 5" + 6 is divisible by
12 for all integers n > 0. 4

End of Question 15

12



Question 16 (15 marks) [Use a SEPARATE writing booklet] Marks

(a)
y
A
y = f(x)
NOT TO SCALE
G, 1
0
Y » X
2
(1 5_1)
v
The diagram shows the graph of y = f(x).
Draw separate one-third page sketches of the graphs of the following:
My =[f(x]) 2
(i) y=In(f(x)) 2

Question 16 continues on page 14

13



Question 16 (continued)

(b) A spherical planet of mass m, and radius R has a rocket launched from its surface with an
initial speed of V. The mass of the rocket is m, and the distance between the rocket and the

centre of the planet is X. The gravitational force, F, acting on the rocket is given by

where G is the constant of gravitation on that planet.

Assume that there are no other forces acting on the rocket.

(i)  Write down an expression for the acceleration of the rocket in terms of X, taking 1

the positive direction as away from the surface of the planet.

(i) Find an expression for the velocity v of the rocket in terms of X. 3

(c) The rise and fall of a tide approximates simple harmonic motion. 4
In a harbour, low tide is at 7am and high tide is at 1:40pm.
The corresponding depths are 20m and 40m.

Find the first time after 7am that a ship which requires (5\/5 + 30) metres of water is able to

enter the harbour.

(d)  When a polynomial P(x) is divided by x> — a*, where a # 0, the remainder is of the 3

form px + q where

p= o= [P(a) - P(-a)] and q =2 [P(a) + P(-a)].

(You do not have to prove these results.)

Find the remainder when P(x) = x" — a", for n a positive integer, is divided by x> — a’.

End of Paper
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(d) stEp 4:  When n=0

n .
3)'5n + 3><7n+ 2%5 +6 s QYUG.L to
L, (2.

| + 3x!| + 2yl +6 = ’1’ which is divisible (U,

Hence the statement is tfue whenp N=0.

STEP A° We widll assome that

55k+ 5x7k+ 2x5k+é = 12 M (/V)a/\ fn-/og,q/t).

We will  Now tra o frow, that
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) The time betwean low and ’\gk tide 1o éA 40 min,
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When n is even, Fla) =0
P(-4y =0

Hence r - O ond 1/';0.

Hence there is N° Mrv\m‘ndgf_ wNn nIs ewen-
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n n n
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Pl-a) = —a ~
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n-1 N
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When N '° odd , the remainder 1°



